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ZERO MAP BETWEEN OBSTRUCTION SPACES:
SUBVARIETIES VERSUS CYCLES
SEN YANG
Abstract. For Y ⊂ X a locally complete intersection of codi-
mension p, Spencer Bloch [2] constructed the semi-regularity map
pi : H1(NY/X) → H
p+1(Ωp−1X/k). As an analogue, we construct
a map p˜i : H1(NY/X) → H
p+1(Ωp−1X/Q), without assuming locally
complete intersections.
While the semi-regularity map pi is expected to be injective in
[2], we show that p˜i is a zero map. We use this zero map to interpret
how to eliminate obstructions to deforming cycles, an idea by Mark
Green and Phillip Griffiths in [9].
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1. Introduction
Let X be a nonsingular projective variety over a field k of charac-
teristic 0. For Y ⊂ X a subvariety of codimension p, it is well-known
that the lifting of Y to higher order may be obstructed.
However, Green-Griffiths predicts that we can eliminate obstructions
in their program [9], by considering Y as a cycle. For p = 1, Green-
Griffiths’ idea was realized by TingFai Ng in his Ph.D thesis [13]. For
general p(1 6 p 6 dim(X)), Mark Green and Phillip Griffiths asked an
open question on eliminating obstructions in [9](page 187-190), which
has been reformulated and has been answered affirmatively in [16]. In
[13], TingFai Ng asked a concrete question of eliminating obstructions
to deforming curves on a three-fold, which has been studied in [17].
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On the other hand, for Y a locally complete intersection of codimen-
sion p, Spencer Bloch [2] constructed the semi-regularity map
π : H1(NY/X)→ H
p+1(Ωp−1X/k),
generalizing the construction by Kodaira-Spencer [12] for the divisor
case. Guided by Spencer Bloch’s semi-regularity map and Mark Green
and Phillip Griffiths’ idea on eliminating obstructions to deforming
cycles, we construct a map
π˜ : H1(NY/X)→ H
p+1(Ωp−1X/Q).
In fact, the map π˜ can be immediately deduced from the sheafification
of the map defined in Definition 4.1 in [15]. For the readers’ conve-
nience, we sketch it very briefly as follows.
For X a nonsingular projective variety over a field k of characteristic
0, let Y ⊂ X be a subvariety of codimension p, the normal sheaf NY/X
is defined to be HomY (I /I
2,OY ), where I is the ideal sheaf of Y in X .
For any arbitrary open U ⊂ X with U ∩ Y 6= ∅,
Γ(U,NY/X) = HomU∩Y (I/I
2 |U∩Y , OU∩Y ).
To fix notations, k[ε]/(ε2) is the ring of dual numbers. Let (U ∩
Y )
′
be a first order infinitesimal deformation of U ∩ Y in U , that is,
(U ∩Y )
′
⊂ U [ε]/(ε2) such that (U ∩Y )
′
is flat over Spec(k[ε]/(ε2)) and
(U ∩ Y )
′
⊗Spec(k[ε]/(ε2)) Spec(k) ∼= U ∩ Y .
Let y be the generic point of Y , U ∩ Y is generically generated by
a regular sequence of length p: f1, · · · , fp, and (U ∩ Y )
′
is generically
given by f1 + εg1, · · · , fp + εgp, where g1, · · · , gp ∈ OU,y.
We use F•(f1 + εg1, · · · , fp + εgp) to denote the Koszul complex
associated to the regular sequence f1 + εg1, · · · , fp + εgp:
0 −−−→ Fp
Ap
−−−→ Fp−1
Ap−1
−−−→ . . .
A2−−−→ F1
A1−−−→ F0,
where each Fi =
∧iO⊕pU,y [ε]/(ε2) andAi : ∧iO⊕ pU,y [ε]/(ε2)→ ∧i−1O⊕pU,y [ε]/(ε2)
are defined as usual.
Recall that Milnor K-groups with support are rationally defined in
terms of eigenspaces of Adams operations in [14]:
Definition 1.1 (Definition 3.2 in [14]). Let X be a finite equi-dimensional
noetherian scheme and x ∈ X(j). For m ∈ Z, Milnor K-group with sup-
port KMm (OX,x on x) is rationally defined to be
KMm (OX,x on x) := K
(m+j)
m (OX,x on x)Q,
where K
(m+j)
m is the eigenspace of ψk = km+j and ψk is the Adams
operations.
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Here, Km(OX,x on x) is Thomason-Trobaugh K-group andK
(m+j)
m (OX,x on x)Q
denotes the image of K
(m+j)
m (OX,x on x) in K
(m+j)
m (OX,x on x)⊗Z Q.
Theorem 1.2 (Prop 4.12 of [7]). The Adams operations ψk defined
on perfect complexes, defined by Gillet-Soule´ in [7], satisfy ψk(F•(f1 +
εg1, · · · , fp + εgp)) = kpF•(f1 + εg1, · · · , fp + εgp).
Hence, F•(f1 + εg1, · · · , fp + εgp) is of eigenweight p and can be
considered as an element of K
(p)
0 (OU,y[ε] on y[ε])Q:
F•(f1+εg1, · · · , fp+εgp) ∈ K
(p)
0 (OU,y[ε] on y[ε])Q = K
M
0 (OU,y[ε] on y[ε]).
It is known that (U ∩ Y )
′
corresponds to an element of Γ(U,NY/X):
Lemma 1.3 (Theorem 2.4 in [11]). The first order infinitesimal defor-
mations of U ∩Y in U are one-to-one correspondence with elements of
Γ(U,NY/X)(= Γ(U ∩ Y,NU∩Y/U)).
So we have the following map(Definition 2.4 in [15]),
(1.1) µ : Γ(U, NY/X) −→ K
M
0 (OU,y[ε] on y[ε])
(U ∩ Y )′ −→ F•(f1 + εg1, · · · , fp + εgp).
Let KM0 (OU,y[ε] on y[ε], ε) denote the relative K-group, that is, the
kernel of the natural projection
KM0 (OU,y[ε] on y[ε])
ε=0
−−→ KM0 (OU,y on y).
We have shown that relative Chern character induces the following
isomorphisms between relative K-groups and local cohomology groups,
see Corollary 3.2 in [15], which is a particular case of Corollary 9.5 in
[5] or Corollary 3.11 in [14] 1,
(1.2) KM0 (OU,y[ε] on y[ε], ε)
∼=
−→ Hpy (Ω
p−1
U/Q).
Composing the natural projection
KM0 (OU,y[ε] on y[ε])→ K
M
0 (OU,y[ε] on y[ε], ε),
with the above isomorphism(1.2), one has the following natural surjec-
tive map(Definition 3.3 in [15]),
(1.3) Ch : KM0 (OU,y[ε] on y[ε])→ H
p
y (Ω
p−1
U/Q).
This Ch map can be described by a beautiful construction of B.
Ange´niol and M. Lejeune-Jalabert [1], see also page 5-6 of [15] for
a brief summary. For our purpose, the image of the Koszul complex
F•(f1+εg1, · · · , fp+εgp) under the Ch map can be described explicitly.
1The hypothesis “projective” therein can be loosened, OU,y is still a regular local
ring of dimension p. The proofs in [5] and [14] go straightly
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For simplicity, we assume g2 = · · · = gp = 0, then the image of F•(f1+
εg1, f2, · · · , fp) under the map Ch, can be represented by the following
diagram{
F•(f1, · · · , fp) −−−→ OU,y/(f1, · · · , fp)
Fp(∼= OU,y)
g1df2∧···∧dfp
−−−−−−−→ F0 ⊗ Ω
p−1
OU,y/Q
(∼= Ωp−1OU,y/Q),
where d = dQ and F•(f1, · · · , fp) is the Koszul complex associated to
the regular sequence f1, · · · , fp.
We define the following map
(1.4) πU : Γ(U,NY/X)→ H
p
y (Ω
p−1
U/Q),
by composing Ch with µ:
Γ(U,NY/X)
µ
−−→
(1.1)
KM0 (OU,y[ε] on y[ε])
Ch
−−→
(1.3)
Hpy (Ω
p−1
U/Q).
For any inclusion V ⊂ U such that V ∩ Y 6= ∅, one checks the
following diagram is commutative
Γ(U,NY/X)
piU−−−→ Hpy (Ω
p−1
U/Q)y y=
Γ(V,NY/X)
piV−−−→ Hpy (Ω
p−1
V/Q).
2. Theorem and interpretation
Recall that X is a nonsingular projective variety over a field k of
characteristic 0, Y ⊂ X is a subvariety of codimension p. Let y be the
generic point of Y , one defines a presheaf Hpy(Ω
p−1
X/Q) on X as follows{
U → Hpy (U,Ω
p−1
X/Q), if y ∈ U,
U → 0, if y /∈ U.
In fact, Hpy(Ω
p−1
X/Q) is a sheaf, which is identified with the sheaf iy ∗
Hpy (Ω
p−1
X/Q), where iy : {y} →֒ X is the immersion and H
p
y (Ω
p−1
X/Q) is a
constant sheaf on y. Moreover, iy∗Hpy (Ω
p−1
X/Q) is flasque, so is H
p
y(Ω
p−1
X/Q).
Definition 2.1. In the notation above, there exists the following mor-
phism of sheaves
(2.1) π : NY/X → H
p
y(Ω
p−1
X/Q),
which is locally defined by (1.4).
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The map π(2.1) induces a map between cohomology groups:
(2.2) π : H1(NY/X)→ H
1(Hpy(Ω
p−1
X/Q)).
There exists the following spectral sequence, see Motif E on page 221
of [10],
Hm(X,Hny (Ω
p−1
X/Q))⇒ H
k
y (Ω
p−1
X/Q), with m+ n = k.
Ωp−1X/Q can be written as a direct limit of direct sum of OX(as OX-
module), though it is not of finite type. Since OX is Cohen-Macaulay,
Hny (OX) = 0, unless n = p. Consequently, H
n
y (Ω
p−1
X/Q) = 0, un-
less n = p. For our purpose, by taking k = p + 1, we obtain that
H1(X,Hpy(Ω
p−1
X/Q)) = H
p+1
y (Ω
p−1
X/Q).
So the map π(2.2)above is
π : H1(NY/X)→ H
p+1
y (Ω
p−1
X/Q).
Composing π with the map
i : Hp+1y (Ω
p−1
X/Q)→ H
p+1(Ωp−1X/Q),
we have
π˜ := i ◦ π : H1(NY/X)→ H
p+1(Ωp−1X/Q).
Theorem 2.2. The map
π˜ : H1(NY/X)→ H
p+1(Ωp−1X/Q)
is zero.
Proof. This follows from the fact that Hp+1y (Ω
p−1
X/Q) = 0(so that the
maps π and π˜ are zero), which can be seen from two different ways.
SinceHpy(Ω
p−1
X/Q) is a flasque sheaf, H
p+1
y (Ω
p−1
X/Q) = H
1(X,Hpy(Ω
p−1
X/Q)) =
0.
Alternatively, Hp+1y (Ω
p−1
X/Q) = H
p+1
[y] (Spec(OX,y), Ω˜
p−1
OX,y/Q
), where [y]
is the maximal idea of OX,y and Ω˜
p−1
OX,y/Q
is the sheaf associated to
Ωp−1OX,y/Q. Since Spec(OX,y) has dimension p, it is obvious that
Hp+1[y] (Spec(OX,y), Ω˜
p−1
OX,y/Q
) = 0.

Interpretation: For X be a smooth projective variety over a field
k of characteristic 0 and Y ⊂ X a locally complete intersection of codi-
mension p, it is known that the obstruction to lifting Y for embedded
deformations lies in H1(NY/X), e.g., see Theorem 6.2(page 47) of [11].
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One the other hand, Y defines an element of Chow group CHp(X)
and the obstruction to lifting it lies in Hp+1(Ωp−1X/Q), e.g., see [4, 8].
From this viewpoint, the map
π˜ : H1(NY/X)→ H
p+1(Ωp−1X/Q)
is a map between obstruction spaces and it is zero, meaning obstruc-
tions vanish by viewing Y as a cycle.
Since Y ⊂ X is a locally complete intersection, one can locally lift Y
and the obstructions arise when one tries to glue from local to global.
Viewed as a cycle, Y = {y}, there is no necessary to worry about
gluing from local to global(see Lemma 3.9 of [14] for related discus-
sion), since the generic point y lies in any non-empty open subset of Y .
This is already reflected in the proof of Theorem 2.2. What we have
shown in Theorem 2.2 is Hp+1y (Ω
p−1
X/Q) = 0 and we do not know whether
Hp+1(Ωp−1X/Q) = 0 or not.
Acknowledgements The author is very grateful to Spencer Bloch
for discussions [3], and must also record that the idea of eliminating
obstructions is due to Mark Green and Phillip Griffiths [9](page187-
190). He thanks all of them for help and encouragement.
References
[1] B. Ange´niol and M. Lejeune-Jalabert, Calcul diffe´rentiel et classes car-
acte´ristiques en ge´ome´trie alge´brique, (French) [Differential calculus and char-
acteristic classes in algebraic geometry] With an English summary, Travaux
en Cours [Works in Progress], 38. Hermann, Paris, 1989.
[2] S. Bloch, Semi-regularity and de Rham cohomology, Invent. Math. 17 (1972),
51-66.
[3] S. Bloch, Private discussions at Tsinghua University, Beijing, Spring semester
(2015) and Fall semester(2016).
[4] S. Bloch, H. Esnault and M. Kerz, Deformation of algebraic cycle classes in
characteristic zero, Algebraic Geometry 1(3) (2014), 290-310.
[5] B. Dribus, J.W.Hoffman and S.Yang, Tangents to Chow Groups: on a ques-
tion of Green-Griffiths, Bollettino dell’Unione Matematica Italiana, available
online, DOI: 10.1007/s40574-017-0123-3.
[6] M. Green and P. Griffiths, Formal deformation of Chow groups, The legacy of
Niels Henrik Abel. (2004) 467-509 Springer, Berlin.
[7] H. Gillet and C. Soule´, Intersection theory using Adams operations, Invent.
Math. 90 (1987), no. 2, 243-277.
[8] M. Green and P. Griffiths, Formal deformation of Chow groups, The legacy of
Niels Henrik Abel. (2004) 467-509 Springer, Berlin.
[9] M. Green and P. Griffiths, On the Tangent space to the space of algebraic
cycles on a smooth algebraic variety, Annals of Math Studies, 157. Princeton
University Press, Princeton, NJ, 2005, vi+200 pp. ISBN: 0-681-12044-7.
ZERO MAP BETWEEN OBSTRUCTION SPACES 7
[10] R. Hartshorne, Residues and duality, Lecture Notes in Mathematics, No. 20
Springer-Verlag, Berlin-New York 1966 vii+423 pp.
[11] R. Hartshorne, Deformation theory, Graduate Texts in Mathematics, 257.
Springer, New York, 2010. viii+234 pp. ISBN: 978-1-4419-1595-5.
[12] K. Kodaira and D.C. Spencer, A theorem of completeness of characteristic
systems of complete continuous systems, Amer. J. Math. 81(1959), 477-500.
[13] T.F. Ng, Geometry of algebraic varieties, Princeton University Ph.D thesis,
2004.
[14] S. Yang, On extending Soule´’s variant of Bloch-Quillen identification, accepted
by Asian Journal of Mathematics, arXiv:1604.04046.
[15] S. Yang, K-theory, local cohomology and tangent spaces to Hilbert schemes,
submitted, arXiv:1604.02629.
[16] S. Yang, Deformation of K-theoretic cycles, submitted, arXiv:1603.01008.
[17] S. Yang, Eliminating obstructions: curves on a 3-fold, arXiv:1611.07279.
Yau Mathematical Sciences Center, Tsinghua University, Beijing,
China
E-mail address : syang@math.tsinghua.edu.cn; senyangmath@gmail.com
